NORI'S FUNDAMENTAL GROUP OVER A NON ALGEBRAICALLY 

CLOSED FIELD 



LEI ZHANG 

Abstract. M.V.Nori defined for each pair (X, x) , where X is a connected reduced scheme 
over a field k and x £ X(k) is a rational point, a fundamental group scheme ir N (X/k, x) 
which classifies all the finite flat torsors over X. Because x is a rational point the fun- 
damental group is always trivial when X = Spec (A;), but the etale fundamental group 
^(Spec (k), x) = Gal(fc/fc). In this note we generalize Nori's definition to an arbitrary 
base point x. In this way we could get a non-trivial definition of ir N (k/k,x) for a non 
algebraically closed field k. This makes Nori's fundamental group more comparable to 
Grothendieck's etale fundamental group when the base field is not algebraically closed. 



1. Introduction 

Let X be a locally noetherian connected scheme, x > X be a geometric point. In 
[SGA1 ] [Expose V] A.Grothendieck constructed for (X, x) a profmite group nf 1 (X, x) which 
classifies all the finite etale coverings of X. If X is a spectrum of a field k, then (X, x) 
is just the absolute Galois group Gal(k/k). 

Let X be a reduced connected scheme over a field k, x G X(k) be a rational point. 
In |Nori} Part I, Chapter II] M.V.Nori defined a profmite fc-group scheme tt (X, x) which 
classifies all the FPQC-torsors on X with finite group scheme actions. This can be thought 
of as a generalization of Grothendieck's etale fundamental group. In fact if k — k then 
71"^* (X, x) is just the /c-points of the pro-etale quotient of tt n (X, x). In particular if char(fc) = 
and k = k, then ir N (X,x)(k) = 7rf(X,x). But since x is chosen to be rational, so 
when X = Spec(fc), 7r (X, x) is trivial. So in some sense Nori's fundamental group only 
generalizes the etale fundamental group for schemes over algebraically closed fields. 

Let X be a reduced connected scheme over a field k, x : S — > X be an arbitrary point. 
Let N(X/k,x) be the category of torsors under finite group schemes with fixed S"-points 
lying over x. In the first part of this note we construct for any filtered full subcategory 
/ C N(X/k,x) a neutral Tannakian category <£(X/k,x,I). We then define 7r 7 (X//c,x) to 
be its Tannakian group. If / = N(X/k, x) and x is a k— rational point, then this coincides 
with Nori's original definition. The aim of this construction is twofold. One is an attempt 
to generalize the definition of Nori's fundamental group to an arbitrary base point x so 
that when X = Spec (k) and x = (k C k) we could get a non-trivial profmite group 
scheme which classifies all finite torsors over k and which admits Qdl{k/k) as a pro-etale 
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quotient. The other aim of this construction is to give a Tannakian description for Nori's 
fundamental group. In this direction a lot work has been done. M.V.Nori first constructed 
in jNorij Part I] for a proper X over a perfect field the category of essentially finite vector 
bundles which is Tannakian and whose Tannakian group is precisely Nori's fundamental 
group scheme. Then H.Esnault and A.Hogadi constructed in |EH] the Tannakian category 
of generalized vector bundles for smooth varieties over a perfect field and then proved 
that Nori's fundamental group is just the profinite quotient of the Tannakian group of 
the generalized stratified bundles. The category we consider here is more general, it is for 
an arbitrary reduced connected scheme with an arbitrary base point. But because of the 
generality the resulting category is much "cruder" than the previous ones. 

Then we try to find the relations among the fundamental groups obtained by choosing 
different subcategories I. When I = N(X/k,x), the fundamental group is denoted by 
ir N (X/k,x)] when I is taken to be those torsors whose groups are etale the fundamental 
group is denoted by ir E (X/k,x); when / is taken to be those torsors whose groups are 
constant over k the fundamental group is denoted by 7[ G (X/k,x); when I is taken to be 
those torsors whose groups are local the fundamental group is denoted by 7i L (X/k,x). 
From [3731 one can see that when x is a geometric point ir G (X/k,x) is a profinite affine 
/c-group scheme whose /c-points (or equivalently fc-points) is irf(X,x). So n G (X/k,x) is 
none other than the "group scheme version" of nf'^X, x). We have the following surjections 
(in FPQC sense) I3TE1 

7T E (X/k, X) » 7l G (X/k, X) 




7C L {X/k,x) 

and we give examples 13. 71 to show that each of the above surjection is not an isomorphism in 
general. In fact althrough ir G (X/k,x) (or irf j (X,x)) and ir E (X/k,x) look quite alike they 
are indeed largely different. ir E (X/k,x) contains a lot of non-trivial forms of the constant 
group schemes which make it more complicated. For example even when X = Spec (k) the 
universal covering of X under 7r E (X/k,x) is not in general connected 14.81 so in the study 
of iT E (X/k, x) one can not solely rely on connected torsors. But of course when k = k we 
have 7r E [x/k, x) = n G (X/k, x). 

Next we take a closer look at the profinite group scheme n E (X/k, x). The main point is 
to establish the fundamental exact sequence of tt e which goes parallel with the fundamental 
exact sequence of 7rf (see |SGAlj [Expose IX, Theoreme 6.1]). The result is the following: 

Theorem 1.1. If X is a reduced scheme geometrically connected of finite type over a perfect 
field k, x : Spec (k) <^-> X, then there is a natural exact sequence of k-group schemes 

1 7T E (X x k k/k,x) ir E (X/k,x) n E (k/k,x) ->> 1. 
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We also prove that ir E is stable under base change by algebraically field extensions 14.71 
more precisely for any algebraically field extension I C I' we have 

n E (X x k l'/k,x) £ n E (X x k l/k,x). 

This is a statement parallel to [SGA1] [Expose X, Corollaire 1.8.]. 

In the last section we try to understand the more sophisticated fundamental groups 
ir N (X/k,x) and ir L (X/k,x). We first assume k is perfect. In this case we have 15.1 1 

Proposition 1.2. Let k be a perfect field then the natural surjection 

7T N {k/k,x) — > TT E (k/k,x) 

is an isomorphism. 

This is pretty much we could expect for perfect fields. And in particular we have 
7r L (k/k,x) is trivial 15.21 Then we try to understand the fundamental exact sequence 
for 7r L and tt n over a perfect k. For tt l we have a positive answer 15.31 

Theorem 1.3. Let X be a scheme geometrically connected separable and of finite type over 
a perfect field k. Let x : Spec (k) —> X be a geometric point. Then the canonical map of 
affine k-group schemes 

ttI : n L (X x k k/k, x) n L (X/k, x) 

is an isomorphism. 

For n N we only have the exact squence for abelian varieties 15.61 

Proposition 1.4. Let X be an abelian variety over a perfect field k. Let x : Spec (k) — > X 
be identity point. Then we have a natural exact sequence of k-group schemes 

1 n N (X x k k/k,x) ->• n N (X/k,x) ->• n N (k/k,x) 1. 

The general case is not known to us. When k is not perfect, tt l is not trivial anymore 
because any purely inseparable degree p = char(fc) extension is a non-trivial /z p -torsor (and 
also an a p -torsor). In this case we managed to prove the fundamental exact sequence for 
the local commutative quotient tc lc of ^ for complete schemes 15. 71 

Proposition 1.5. Let X be a scheme proper separable and geometrically connected over 
an arbitrary field k of characteristic p > 0. Let x : Spec (k) — )■ X be a geometric point. 
Then we have an exact sequence of affine k-group schemes: 

1 7T LC (X X k k/k,x) ->• 7T LC (X/k,x) -> 7T LC (k/k,x) -> 1. 
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2. The Category Z(X/k, x, I) 

Let X be a reduced connected scheme over a field k, x : S — > X be a morphism of 
/c-schemes. 

Definition 1. We use N(X/k,x) to denote the category of triples (P,G,p) where G is a 
finite group scheme over the field k, P is a right G-torsor over X in the FPQC-topology, 
p : S — > P is morphism in the category of X-schemes. The morphisms in N(X/k,x) are 
defined in the obvious way. 

Definition 2. Let J be a category. We say / is filtered if for any two objects i,j G / there 
exist two morphisms k — > i, k — > j in J, and for any two morphisms 



t 



there are two morphisms 



such that sa = tb. 



a 



b 



Remark 2.1. The category N(X/k,x) is filtered. The proof is due to M.V.Nori. See 
[Nori] [Chapter II, Proposition 1 and Proposition 2] for details. 

Definition 3. Let / C N{X/k 1 x) be a filtered full subcategory. We use I) 
to denote the category whose objects are couples (V, (P, Gp,p)) where (P,Gp,p) G /, 
V G Rep fe (Gp). By abuse of notation we simply write 

(V,P):=(V,(P,G P ,p)) 

instead. The morphisms between two triples (V, P) and (W, Q) are definied by the set 

Rom €(x/k:3: j ) ((V,P),(W,Q)) := hmHom((y,i),(W-,g)), 

i&Ip 

where Ip denotes the category morphisms X — > P G /, and Hom((V, i), (W,Q)) is the set 
of "honest morphisms" which is defined by the set of pairs (A,/), where / : i — > Q is a 
morphism in / and A : V — > f*W is a morphism in Rep fc (Gj). If we have another object 
{U,0) G €(X/k,x,I), then the composition 

Hom € (x/M,/)((^0), (V,P))xRom £(x/kiXj) ((V,P), (W,Q)) -> Hom f(I/Mi/) (([/, O), (W,Q)) 
is defined in the following way: suppose we have two honest morphisms 

(A 1; /i) G Eom((U, O'), (V, P)) and (A 2 , / 2 ) G Hom((y, P'), (W, Q)) 
which represent the two morphisms 

a G Eom €(x/kiXj) ((U, O), (V, P)) and b G Hom £WMi/) ((l/, P), (W, Q)) 
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respectively. Then we have O" £ Ip which dominates both P' and O' . Let f% : O" — >■ Q 

be the composition of O" — > P — > Q. Let A3 : U — > f£W by composing Ai with A2. So 
we can define b o a to be the morphism which is represented by the honest morphism 

(\ 3 ,f 3 )eKom((U,0"),(W,Q)) 

It is easy to check that this composition is independent of the choice of the representatives. 
If / = N(X/k, x) we will just write 

€(X/k,x) := €(X/k,x,I). 

Remark 2.2. If we have a morphism / : i — y j ; £ I C N(X/k,x) and an object (V,j) £ 
£(X/k, x, I), then we get another object (V,i) with V being the pull-back of the Gj- 
representation to G{. Directly from our definition we see that the canonical map (id, f) : 
(V,i) —> (V,j) is an isomorphism. 

Proposition 2.3. Notations and assumptions being as above, the category C(X/k,x,I) 
with the forgetful functor 

oj : €(X/k, x, I) -> Vec fc 
sending (V, P) t— > V forms a neutral Tannakian category. 

Proof. (1). (t(X/k,x,I) is a fc-linear category. We define for any two elements 

a, b e Hom £(x/M , /) ((V r , P), (W, Q)) 

the sum a + b in the following way. 

Suppose a is represented by an honest morphism (A, /) £ Hom((V, Pi), (W, Q)) for some 
P\ £ Ip and 6 is represented by (/x, p) £ Hom((V, P 2 ), (LI 7 , Q)) for some P2 £ Ip, then using 
the fact that I is filtered we can find P' £ Ip and two maps s : P' — > Pi, t : P' — > P% 

such that the compositions P' A Pi -4 Q and P' 4 P2 4 Q are the same. By 12.21 we 
may assume P' — P\ — P2 and /' = / = g. Now we just define a + b to be the morphism 
represented by (A + /1, f) £ Hom((V, P'), {W, Q)). 
For any morphism 

a eRom €(x/kyXyI) ((V,P),(W,Q)) 

by using the fact that I is filtered and 12.21 we may assume P = Q = P' for some P' £ / C 
N(X/k,x) and a is represented by an honest morphism 

a = (A, id) £ Hom((V, P'), (W, P')). 

We define a to be zero by requiring that A : V — > W is the map. For any s £ k we define 
the fc-linear multiplication sa := (aA, id). Under these definition 

Eom £{x/k>XiI) ((V,P),{W,Q)) 

becomes a k- vector space. 

We also have a canonical map 

9 : Eom €(x/ktXtI) ((V,P), (W,Q)) -> Hom Vttt (V, W) 
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sending the pair (A, id) >->■ A. One can check easily that this is well defined and that 9 is 
fc-linear. It is clear that 9 is injective. This implies that Hom £ (x/i,i,/)((V, P), (W 7 ", Q)) is a 
finite dimensional /c-vector space. 

We can define the direct sum of two objects (V, P) and (W, Q) as 

(V © W, P') 

for some P' which dominates both P and Q. 

With the above definition €(X/k,x, I) becomes /c-linear category. 

(2) . €(X/k,x, I) is an abelian category. Given any morphism 

a: (V,P) ->• (Vy,Q) G <C(X/k,x,I), 

as usual, we could choose some P' which dominates both P and Q and make a a morphism 
(A, id) G Hom((V, P'), (W, P')). Then we can define Ker(a) to be (Ker(A), P') and Coker(a) 
to be (Coker(A),P'). 

(3) . <L{X/k,x,I) is a tensor category. For two objects 

(V,P),(W,Q)e£(X/k,x,I) 

we can define 

(V, P) <g> (W, Q) := (V® W,P'). 
The distinguished element (k,X) serves as the identity object. 

(4) . £(X/k,x, I) is a rigid tensor category. We define the internal Horn 

Egm((V,P),(W,Q)) := (Hom Repfc(Gp/) (\/ W), P'). 
One checks that for any (U, O), there is a canonical isomorphism of sets between 

Rom €{x/k , xJ) ((U, O) ® (V, P), (W, Q)) 

and 

Hom €{x/k , xJ) ((U, O), Hom((y, P), (W 7 , Q))). 
Using the canonical imbedding 

9 : Hom eWfciXiJ) ((V; P), (W, Q)) ^ Hom V cc fc (V, W 7 ) 

and the fact that a morphism is invertible in B.om^x/k,x,i)({V, P), (W, Q)) if and only if it 
is invertible in Homy eCk (V, W) one can check readily that we have the following canonical 
isomorphisms 

Hom(Xi, Yi) <g> Hom(X 2 , F 2 ) ->■ HomfX, <g> X 2 , Y 1 <g> F 2 ) 

X — >■ Hom f Hom fX, 17), 17), 
where X 1 ,X 2 ,Y 1 ,Y 2 ,X e €(X/k, x, I). 

(5) . The forgetful functor 

€(X/k,x,I) ->■ Vec fc 
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sending (V, P) >->■ V is clearly a /c-linear exact faithful tensor functor. This finishes the 
proof. □ 

Definition 4. Let X be a locally noetherian connected reduced scheme over a field k, 
x : S — > X be a morphism of A;-schemes, / C N(X/k,x) be a filtered full subcategory. We 
define the /-fundamental group scheme TT^X/k, x) as the Tannakian group Aut®(o>) of the 
neutral Tannakian category (C(X/k, x, I), u>). 

Definition 5. Now for each i E I we have a canonical functor 

F r .Rep k (G t )^€(X/k,x,I) 

sending V t-> (V,i) and : V -> W G Rep fe (Gj) to the map (0, id) : (V,i) -» If we 

have a morphism 0^ : i —> j & I, then the map of /c-group schemes Gj — > Gj induces a 
functor 

0^ : Rep fe (G f j) Re Pfc (G.) 

with an isomorphism of /c-linear tensor functors : Fi o 0*^- making the following 

diagram of functors 2- commutative. 

Re Pjfc (G,-) 



€(X/k,x,I) 



Rep fc (G,) 

Proposition 2.4. //J) is a category and for each i E I we have a functor 

Ti : Rep fc (Gi) D 

and /or eac/i 0^ : i — >■ j G / we have an isomorphism of functors f3ij : Tj = Tj o 0*^. making 
the following diagram of functors 2-commutative 



Rep fc (G,) 




RePfc(Gi) 



which satisfies 



Pij ■ Pjk = fa : T fc = 7} o 0* fe - Tj o 0*. o 0* fe = Tj o 0* fc , 
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then there is a functor i : C(X/k, x, I) — > ID with isomorphisms : T — > i o F i} unique up 
to a unique isomorphism, making the following diagram of functors 2-commutative 

Re Pk (G 3 ) 




Rep k (Gi) 
in the sense that the composition 

is equal to the prescribed isomorphism : Tj = T o ip*. . 

IfD is a neutral Tannakian category such that T are all k-linear tensor functors which 
commute with the fibre functors and if the isomorphisms : Tj = Tj o (p*. are tensor 
isomorphisms, then i can be chosen to be a k-linear tensor functor which commutes with 
the canonical fibre functor of €(X/k,x, I) such that ai is a tensor isomorphism for each 
i E I, and such i (with a*) is unique up to a unique tensor isomorphism. 

Proof. We first define t. If (V,i) G €(X/k,x,I), we define t(V,i) := T^V). If 

a:(V,i)^(W,j)e€(X/k,x,I) 

is a morphism then we choose %' G / which dominates i,j G / and an honest morphism 
q : iy,i') — > (W,i') G Hom((V,i'), (W,i')) which represents a. Now we define 

t(a) := Ti(V) T V {V) T V {W) % Tj(W). 

It is easily seen that i is well-defined and we can take Oj to be the identities so that i 
commutes with Tj and Tj in the sense stated in the proposition. If i' is another functor 
with isomorphisms a\ which satisfies our conditions, then we have 

t{V^)=T l {V)%t\F l {V)) = L\V,t) 

for each (V,i) G €(X/k,x). This establishes for each i G / an isomorphism of functors 5 : 
i — y il which is compatible with Oj. Clearly 8 is uniquely determined by this compatibility. 

If D is a neutral Tannakian category and Tj are all /c-linear tensor functors which com- 
mute with the fibre functors, then for each two objects (V,i),(W,j) G €(X/k,x, I), we 
define an isomorphism in D as follows: 

t((V,i) ® (WJ)) = t((V,i') ® (W,i')) = t((V®W,i') 

= T v (y ®w)^ T v (y) ® Ti,{w) 

= i(V,i')®i(W,i') = t(V,i)®t(W,j). 
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This isomorphism is functorial and establishes i as a tensor functor. The /c-linearity of t can 
be checked easily. If t! is another fc-linear tensor functor with a- being tensor isomorphisms, 

then by construction the isomorphism 5 : t ^> t' is a tensor isomorphism. □ 

Remark 2.5. El tells us that £(X/k,x,I) is the "2-direct limit" of the 2-functor i h-> 
Rep k (Gi) not only in the 2-category of categories but also in the 2-category of /c-linear 
tensor categories. This idea is not completely new, in fact, in |SGA4] [Expose VI, §6], 
Grothendieck has already defined the notion of 2-direct limit for a fibred category T as 
the localization category of T at all its cartesian morphisms. In our case we could take 
the 2-functor i \-t Rep A ,(G i ) as a fibred category. But there are two things which one has 
to be careful about. One is that we are working with the 2-category of neutral Tannakian 
categories instead of the 2-category of categories, so all the functors are fc-linear tensor 
functors and morphisms between functors are tensor morphisms. The other is that our 
definition of a filtered category is a little more general than the one in [SGA4J (which is 
the standard one). 

3. First Properties of 7r T (X/k,x) 

3.1. The Universal Covering. As in |Nori] [Chapter II, Proposition 2] we can define the 
universal covering for our fundamental group scheme. 

Theorem 3.1. Let X be a connected reduced scheme over a field k, x : S — >■ X be a 
morphism of ' k- schemes, I C N(X/k,x) be a filtered full subcategory. Let rr 1 (X/k,x) := 
U m icJ Gj (see EH for a justification) . Then there exists a triple (X x , rr^X/k, x), x), where 

X x is a n^X/k, x)-torsor in FPQC topology over X, x : S — > X x is an S -point of X x lying 
above x, which satisfies for any (P,G,p) € I there exists a unique morphism 

(<P,h) : iX x ^\X/k ) x) 1 ~x) -> (P, G,p), 

where h : 7r / (X//c,x) — >■ G is homomorphism of k-group schemes and <fi : X x — >■ P is a 
morphism of X -schemes sending x to p which intertwines the group actions. 

Proof. Consider the following functor 

F x :/^Aff(X), (P,G,p)^P 

where Aff(X) denotes the category of affine schemes over X. Let 

X x := \im F x (i) 
iei 

X x is an affine scheme over X which admits a point x : S — > X x lying above x. 

Now we get a triple (X x , 7r 7 (X/fc, x), x) which has the property that for any % := 
(P, G,p) G / there is a morphism 

: (X x y(X/k,x),x) -> (P,G,p) 

defined by the projection to the index i G I. Suppose there is another morphism 

(<f),h) : (X w y(X/k,x),x) -)• (P,G,p). 
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Considering ir^X/k, clS db inductive limit of Hopf-algebras and X x as an inductive limit 
of Ox-coherent algebras, we can find an index j := (P',G',p') G / such that 0, h factors 
through the projection morphisms 

(pj : % P' and h j : ir J (X/k, x) G' . 

Thus we get a commutative diagram 

(X c ,vr / (X/fc,a;),x) 



(i 3 ', C, p') ^ ► (P, G, p) 

But by the very definition of a projective limit, we know that (<p,g) ° (4>j,hj) = (<f>i,hi). 
Thus ((pi, hi) = (4>,h). This completes the proof. □ 

Corollary 3.2. Let G be any finite k-group scheme. Two objects (P,G,p),(Q,G,q) G 
N(X/k,x) are considered to be equivalent if there is an isomorphism (P,G,p) — > (Q,G,q) 
in which the map G — > G is the identity. T(G) be the set of equivalent classes of triples in 
N(X/k,x) whose group is G. Then there is an isomorphism of sets 

Hom gvp . sch (7r N (X/k,x),G) ^ T(G) 

given by sending a k-group scheme homomorphism f to the contracted product 

(X x xf ix/k > x) G,G,x). 

Proposition 3.3. Let X be a connected reduced scheme over a field k, x : S — > X be a 

morphism of k-schemes, I C N(X/k,x) be a filtered full subcategory. Then there is an 
isomorphism of k-group schemes 



n*(X/k,x) ^ HmG/i. 



Proof. Let G be an afline group scheme over a field k equipped with a /c-group scheme 
homomorphism ti : G — >■ G{ for each i£l and suppose that these tiS are compatible with 
the transition morphisms cpij : i — > j G /, then we get for each % a fc-linear tensor functor 

Ti : Re Pfe (G t ) ^ Rep fc (G) 

and Tj = Tj o <p*. for each j G /. By 12.41 there is a fc-linear tensor functor i : €.(X/ k, x, I) — > 
Rep fc (G) which commutes with the fibre functors. In particular we could take G to be 
hm. cJ Gj with natural projections ti : hm. c/ Gj — > G\. From the construction of i in I2.4[ 
we know that i is the functor sending (V,i) to the induced representation of hrn.^Gj on 
V via the projection tj. It is enough to show that t is an equivalence of categories. 

i is essentially surjective. Given any finite hm.^ GVrepresentation V, since as a Hopf- 
algebra ty m icI Gi is a direct limit of finite sub Hopf-algebras and GLkiV) is a group scheme 
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of finite type, so the group homomorphism 

|mGj — > GL k (V) 

factors through some projection l^im.^ Gi -» Gi for some i E I. Let V be the /c-vector 
space V equipped with the action Gi — > GL k (V). Then (V',i) E <t(X/k,x, I) has the 
image l(V , i) = V. 

l is fully faithful. The faithfulness can be seen from the fact that i commutes with 
the fibre functors and that the functors are all faithful. If we are given two objects 
(V,i),(W,j) e €(X/k,x,I) and a morphism e : t(V,i) ->■ t(W,j) E Rep fc (lim. g/ Gi) then 
we have a commutative diagram 

V >V<S>k^ ieI k[G i ] . 

W >W® k K^. eI k[G i ] 

Since W and V are all finite dimensional vector spaces we could factor the diagram through 
some k[Gi'] C lim. c/ k\Gj] for some i' "larger" than both % and j. This means we have an 
element (A, id) E Hom((V, i'), (W,i')) such that i(\,id) = e. But since 

llom €{ x/k,x,i)((V,i'), (W,i')) ^ Eom €{x/k)Xj) ((V,i), (WJ)) 
e lifts to a morphism in B.om^ x /k,x,i){{V, i), (W, j)). □ 

3.2. Comparisons. 

Definition 6. There are various choices of / C N(X/k,x). We will list some of them 
which will be frequently used in the rest of this note. 

(1) n N (X/k,x) := ir^X/k^) when / = N(X/k,x); 

(2) ir E (X/k,x) := n^X/kjX) when / C N(X/k,x) is the subcategory consisting of 
triples (P, G,p) where G is an etale group scheme over k; 

(3) ir G (X/k,x) := ^{X/k.x) when I C N(X/k,x) is the subcategory consisting of 
triples (P,G,p) where G is a constant group scheme over k; 

(4) n L (X/k,x) := ^(X/k.x) when I C N(X/k,x) is the subcategory consisting of 
triples (P,G,p) where G is a local (or in other words connected) group scheme. 

Remark 3.4. When x : S — > X is taken to be a geometric point Spec (k) > X, ir G (X/ k, x) 
is a profinite afline group scheme whose /c-points is just Grothendieck's etale fundamental 
group 7rf(X, x). In other words, ir G (X/k, x) is none other than a linearization of Trf^(X, x). 
In particular n G (k/k,x)(k) = Ga\(k/k). 
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Lemma 3.5. Let Ii C I 2 C N(X/k,x) be two filtered subcategories and (P,G,p) be an 
object in I\. If for any imbedding 

(Q,H,q)^(P,G, P )eI 2 

(i.e.H G is a closed imbedding), (Q,H,q) is also an object in I 1} then we have a 
surjection 

Tt h (X/k,x) -» ir h (X/k,x). 

Proof. Suppose (P, G,p) G I\ is an object such that the corresponding map 

n h (X/k,x) -> G 

is surjective. Now we take the image of the composition 

ir h (X/k,x) ->■ tt 7i (X/A;,x) -> G 

and denote it by H. This immediately gives us an inclusion (Q, H, q) <— > (P, G, p) G Ii. So 
by the assumption this inclusion lives in Ii. So it means that the surjection ^(X/k, x) —» 
G factors through H G. Thus H = G. This concludes the proof. □ 

Theorem 3.6. Let X be a reduced connected scheme over a field k, x : S X be a 
morphism of locally noetherian k-schemes. Then we have a sequence of surjections 

ir N (X/k,x) -» ir E (X/k,x) -» 7r G (X/fc,x) 

and also a surjection 

7r N (X/k,x) -» tt l (X/A;,x). 

Moreover, we have a surjection 

ir N (X/k, x) -» ir E (X/k, x) x k -n L (X/k, x). 

Proof. In the view of 13. 5[ only the last statement needs to be explained. For this, we 
take in 13.51 P> := N(X/k,x) and p to be the triples (P,G,p) whose group is canonically 
decomposed as a direct product G = G° x Get under the connected-etale sequence. □ 

Exemple 3.7. Here we want to point out that all the above surjections are, in general, 
not isomorphisms. 

(1) . For tiq : ir E (X/k,x) -» 7r G (X/k,x). This is already not an isomorphism when 
X = Spec (k) = Spec (Q) and x = (Q C Q). Let a G Q, n G N \ {0}, and suppose x n - a 
has no root in Q, then P := Spec (Q[a;]/(x n — a)) is a non-trivial /i n -torsor over Q. If 
the map 7r E was an isomorphism then there must be a morphism (Q,H,q) — > (P,fi n ,p) 
where H is a constant group scheme over Q (see 13.11) . But when, for example, n is a prime 
number, the map 7i E (X/k,x) — > /i n induced by (P,fj, n ,p) (see 13. 2p has to be surjective 
because P is a non-trivial torsor. This implies the map H — > fi n is sujective. But then \i n 
has to be a constant group scheme which is quite not the case when n > 2. 

(2) . For lift : ii N (X/k,x) -» ir E (X/k,x). If it was an isomorphism then any torsor with 
local group scheme will be dominated by an etale torsor, then the local torsor has to be 
trivial. Hence any non-trivial local torsor gives a counterexample. Yet we want to point 
out that if X = Spec (k) where k is perfect, and x = (k C £;), then tt^ is an isomorphism 
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(see I5.ip . But if k is not perfect and char(fc) = p, one can choose a G k such that a ^ k 
but a p G k. Thus the field extension k C fc(a) is a non-trivial /i p -torsor. 

(3) . For tt^ : ir N (X/k,x) -» n L (X/k,x). As in (2) any non-trivial etale torsor provides a 
counterexample. And also (3) is implied by (4). 

(4) . For it (X/k,x) -» 7r E (X/k,x) x k ir L (X/k,x). There is a perfect counterexample in 
[EFS] [Remark 4.3]. 

4. The Study of the Etale Coverings 

4.1. The Fundamental Exact Sequence. Let A be a reduced scheme geometrically 
connected of finite type over a perfect field k, x : k — > X be a geometric point, X := X x k k. 

Theorem 4.1. If X is a reduced scheme geometrically connected of finite type over a perfect 
field k, x : Spec (k) X, then there is a natural exact sequence of k- group schemes 

1 -> 7T E (X X k k/k, X) ->■ 7t E (X/k, X) ->■ TT E (k/k, X)->1. 

Proof. By 14.41 the sequence is exact on the left and by 14.51 the sequence is exact on the 
right, so we only have to prove the exactness in the middle. 

Since A is noetherian, any object and any morphsim in (£(X/k,x) is actually defined 
on some A x k k', where k! is a finite Galois extension of k. This allows us to apply Galois 
descent. 

Now suppose we have (P,G,p) G N(X/k,x) with G etale and suppose that the corre- 
sponding map 

n E (X/k,x) ->• G 

is surjective. Let G := Gx k k, P '■— Px k k, Q p be the connected component of P containing 
p. Let H C G be the subgroup which fixes Q p , i.e. 

H := { g G G | (Q p )p = Q p } 

and N C (5 be the smallest subgroup which contains the set 

U M#)K<?. 

o-eGal(fc/fc) 

Let P' be the union of the connected components of P which contain at least one element 
in N(p) (the orbit of p under N). There is an action of N on P' inherited from the action 
of G on P which makes P' a torsor under N. 

Now let T be the subset of G whose elements are those which send p to o~(p) for some 
a G Gal(k/k). Let M be the smallest subgroup of G containing T. Since for any o G 
Gal(k/k) and t T G T sending p i-> r(p) we have cr(t T ) ot a = t UT . So cr(t T ) = t aT o t^ 1 G M, 
then it follows that a(M) C M. Let MJ? C (5 be the smallest subgroup of (5 containing 
M and N. Let P" be the union of the connected components of P which contain at least 
one element in MN(p) (the orbit of p). Then P" is a torsor under MN . But since both 
P" and MN are stable under the Galois action the torsor descends to k. Let MN C G be 
the model of MN. Then there is a homomorphism 

ir E (X/k, x) -> MA C G. 
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But 7r E (X/k,x) — > G is already surjective by the assumption, this immediately implies 
that MN = G or equivalently MN = G. 

Next we show that X is a normal subgroup of G. From the above discussion it is enough 
to check mHm~ x C X for Vm G M. In fact it is already enough to check tHt" 1 C X 
for Vt G T. Suppose sends p i— >■ cr(p), then for any h £ H, <j(p)tht~ l lies in the same 
connected component as cr(p) does. Thus a(p)tht~ 1 = cr(p') for some p' G Q p (k). Suppose 
p' = ph! for some h' & H. Then we have 

<j(p)thr l = a(p') = a{pti) = a{p)a{ti). 

Thus tht- 1 = a(h') G X. 

Let iV be the model of N over fc. Then clearly iV C G is also a normal subgroup. Now 
the quotient P/N is a G/iV-torsor over X, and by taking iV-quotient for the imbedding 
P' C P we get a section 

X = P'/N C P/JV. 

This means P/iV becomes a trivial torsor after pulling back to X. Applying 14.61 we know 
that there is a G/X-torsor / — > k such that the pull-back X X/. i — > X is isomorphic to 
P/X as G/X-torsors. 

Now suppose we have (V, P) G C(X/k,x). For any object 

(Q,G Q ,q)C(P,G,p)eN(X/k,x) 

with Gq etale, must be contained in Gq. Thus X C Gq or equivalently X C Gq. Hence 
the group homomorphism 

n E (X/k,x) -)> X 
induced by the triple (P',N,p) is surjective. So it follows that 

iy N ,P') c (y,p) g €(x/k,x) 

is the maximal trivial subobject. It is clear that if we pull back (V N , P/N) = (V , P) G 
€(X/k,x) to fc there is an isomorphism 

(V N ,P/N) = (V N ,P) = (V N ,P f ) G €(X/k,x). 

But at the same time, (V N ,P/N) is the pull-back of (V N ,l) G €(k/k,x). This checks the 
conditions (a) and (b) in |EPSj [Appendix Theorem A.l (3)], and (c) has been checked in 
14. 3^ so we get the exact sequence. □ 

Remark 4.2. In the proof ETT1 we could take only triples with constant groups, everything 
still works as well (in fact even much simpler). Thus the proof yields a new explana- 
tion of the fundamental exact sequence of the etale fundamental group [SGAlj [Expose 
IX,Theoreme 6.1]. It's just that here we use the group scheme ir G instead of the abstract 
group irf 1 and that we have to assume X is of finite type. 

Proposition 4.3. The natural functor 

p* : C(X/k,x) -> €(X/k,x) 
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satisfies the following property: for any (V,P) G C(X/k,x) there exists an object (W,Q) G 
€(X/k,x) and an injection 

(V,P)^p*(W,Q). 

Proof. Let k C / be a Galois field extension such that P — > X = J x^. is defined over 
IXj;I. So we have a cartesian diagram 



P 



+ P 



X x k k > X x u I 



By the theory of Galois closure |Gar] [Theorem 1, Theorem 2] we have an object Q G 
C(X/k,x) fits into the commutative diagram 




where Gq = </> x Gel(l/k), and all the arrows starting from Q are morphisms of torsors. 
By pulling-back to k we get the following commutative diagram. 

Q x z k c > Q x k k 

\^ C </>xGal(Z/fe) 

P >X x k k 

O G P k 

Note that the vector space W := V ® k l has a natural action from Gp x k Gal(l/k). This 
defines an object 

(W,Q) := (V® k l,Q) G <t(X/k,x) 
via the natural homomorphism 

x Gal(Z/Jfe) ->■ G P x Gal(//A;) = C7 P x Gal(J/Jfe). 

Now we pull back p*(W, Q) along Q x t k Q x k k and (V, P) along Q x f A; — >■ P. There 
we get a 0-invariant embedding V — >■ <2)fc /. So we have a commutative diagram 

(V,Qx,fc)< ^,Qx,fe) . 



(V,P)< 



•p*(W,Q) 



This finishes the proof. 



□ 
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Corollary 4.4. For any X geometrically connected geometrically separable and of finite 
type over a perfect field k, x : Spec (k) ^->- X a geometric point, the natural k-group scheme 
homomorphisms 

n N (X x k k/k,x) — ► n N (X/k,x) 
n E (X x k k/k,x) — > ir E (X/k,x) 
n L (X x k k/k,x) — > n L (X/k,x) 
n G (X x k k/k,x) — ► n G (X/k,x) 

are infective. 

Proof. The injectivity of the first and the fourth group homomorphism are direct conse- 
quences of 14.31 and [EPSJ [Appendix Theorem A.l (ii)]. For the second and the third, let 
us take I C N(X/k,x) to the subcategory consisting of triples whose groups are split: 

G — X Get) 

or in other words the action of the etale piece of G on the local piece of G 
is trivial. Then by applying the argument in 14.31 and loc.cit. one gets an injection 

vr 7 (X x k k/k,x) — ► ^(X/k^x). 

But note that tt / (— ,x) = tt l (—,x) x k ir E (—,x). This implies the injectivity of the second 
and the third homomorphisms. □ 

Lemma 4.5. For any X locally noetherian scheme geometrically connected separable over 
a field k, x : Spec (k) <-» X a geometric point, the natural k-group scheme homomorphism 

7T E {X/k,x) -> 7T E {k/k,x) 

is surjective. 

Proof. Let la Q N(k/k,x) be the full subcategory consisting of triples whose groups are 
etale. Suppose that we have an object (Spec (/) , G, t) G N(k/k,x,I&) and that we have a 
morphism 

(Q, H,s)^(lx k X, G, t) e N(X/k, x, I 6t ), 

where the group homomorphism H — > G is an imbedding of subgroup. Since H C G is both 
open and closed the map Q — > I x k X is also a both open and closed imbedding. Therefore 
Q is the disjoint union of some connected components of I x k X. Since X is geometrically 
connected Q is actually the pull-back of an open subscheme Spec (T) C Spec (I). Since the 
map Q x k H C (/ x k X) x k H — > I x k X factors through Q C I x k X, it follows that the 
map l'x k HClx k H^-l factors through Spec (l r ) C Spec(Z). Hence (Spec (l 1 ), H, t) G 
N(k/k, x, let) and we have a morphism 

(Spec (/'), H, t) -»■ (Spec (/), G, t) G N(k/k, x, I 6t ). 

This implies whenever 7T E (k/k,x) — > G is surjective the composition 

n E {X/k,x) -> 7i E {k/k,x) -> G 

is surjective. This means precisely that n E (X/k,x) — > n E (k/k,x) is surjective. □ 
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Lemma 4.6. Let X be a noetherian geometrically connected scheme over a perfect field k, 
G be a finite Stale group scheme over k, P be a G-torsor in FPQC-topology over X . Let 
P := P x k k , X := X x k k . Assume that P is a trivial G-torsor over X , then there is a 
G-torsor I over k whose pull-back along X — >■ k is P. 

Proof. Consider the isomorphism of X-schemes: 

p : (G x k X) x k G — > (G x k X) x x (G x k X) 

( x, g ) H> ( x, xg ). 

From the assumption the X-scheme G x k X is equipped with an action of Gal(A;/A;) in such 
a way that it descends to the X-scheme P and p is Gal(/c//c)-invariant. Let G := G x k k. 
For any a G Gal(A;/A;) we have an isomorphism of schemes t a : 

G x k X ^ G x k X 



x tdxa > x 



-¥ k 



k a - 

making the diagram commutative. Since X is connected t a defines a morphism r a : 

G^^G 




making the diagram commutative. Thus G is equipped with a Gal(/c/A;)-action in such a 
way that it desends to a /c-scheme /. Because p is Gal(fc//c)-invariant, the right translation 
G x k G' — > G is also Gal(A;//c)-invariant, where G' = G as A;-schemes but is equipped with 
the Gal(A;/A;)-action in such a way that it descends to G. Thus by Galois descent we have 
an isomorphism of schemes 

p t :lx k G — >lx k l 

whose pull-back is the right translation of G. Hence I is a G-torsor over k. Moreover the 
scheme X x k l carries the same Galois action as P does when we pull them back to X. 
Thus we have an isomorphism X x k l ^> P fitting into: 

(Xx k l)x k G ^5 (X x k l)x x (X x k I) . 



Px k G 



^Px x P 



This completes the proof. 



□ 
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4.2. Base Change. 

Proposition 4.7. Let X be a locally noetherian scheme geometrically connected separable 
over a field k, k Ql Ql' be a sequence of field extensions, where I and V are algebraically 
closed fields. Let x : Spec (I') — )■ X be a geometric point. Then the following natural map 

vrf : tx e (X x k l'/k,x) — > n E (X x k l/k,x) 

is an isomorphism of k-group schemes. 

Proof. Let Y' — > X x k V be a G'-torsor with a fixed point Spec (/') — > Y' lying over x. By 
[SGA11 Expose X, Corollaire 1.7], 

n G (X x k l'/k,x) = ir G (X x k l/k,x). 

Thus by [SGAll Expose V,Theoreme 4.1], the base change functor — V induces an 
equivalence of categories between the finite etale coverings ECov(X x k l) and ECov(X x k V). 
Thus there is a finite etale covering Y X x k l such that Y XiV = Y' . Now from the fully 
faithfulness of ECov(X x*, I) — > ECov(X x k I') and the fact that G x k l and G x k l' are 
constant group schemes, the action 

Y xi /' x fc G = Y' x k G -> Y' = Y x t V 

descends to an action Y x k G — > Y and makes Y a G-torsor. This means that the pull 
back functor 

F l v : N(X x k l/k,x) ->■ A^(X x k l'/k,x) 

is essentially surjective. But by the fully faithfulness of ECov(X x k I) — > ECov(X x k I') 
the pull back functor Ff, is also fully faithful. Hence F{, is an equivalence, and therefore 
the canonical morphism nj is an isomorphism. □ 

4.3. The Etale Universal Covering. In this subsection we want to emphasize a big 
difference between n E (X/k,x) and n G (X/k,x) via comparing their universal coverings. 
It is well known (or easily seen) that for most interesting connected locally noehterian 
schemes (e.g. affine or normal) the universal coverings under the etale fundamental group 
7rf are connected. The major reason for this phenomenon is the following: 

Fact. If X is a locally noetherian connected scheme, x : S — > X an S-point with S 
non-empty, then for any triple (P,G,p) with G an abstract group, P an FPQC G-torsor, 
p : S — > P an S'-point over x, the canonical map vr G (X, x) — > G is surjective if and only if 
P is connected. 

But this is far from being true for universal coverings under tt e . Here is a simple example: 

Exemple 4.8. Let X = Spec (Q), x : Q C Q. Consider a prime number p > 2. Then \i v 
is a scheme with two topological points {e, a}. Let (fi p ,fi p ,a) be a trivial // p -torsor which 
is equipped with a non-trivial point q : Spec Q — > a. Obviously \i p is not connected, but 
the unique map 

(X x ,7i E (X/k,x),x) -> (/ip, ^ q) 
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can not be trivial on the ir E (X/k,x) — > fi p , for otherwise it factors through the trivial 
triple (X, then q has to be the trivial point. But if 7i E (X/k,x) — > fi p is non-trivial 

it has to be surjective instead. Note that this also shows that X x is not connected. Since 
ir E (X/k,x) — > fi p is surjective, X x — > ji p must be FPQC as well. But /i p is not connected 
so X x can not be either. 

4.4. More Comparison between ir G and ir E . 

Proposition 4.9. If X is geometrically connected separable over k, x = (Spec (A;) <—} X), 
and if the projection X — > k factors the inclusion k Cfc, then we have an immbedding 

7T E (X/k,x) = 7V G (X/k,x) =7V G (X/k,x) X k k^7T E (X/k,x) X k k 

of k— group schemes which serves as a section of the canonical map 

n E x k k : ir E (X/ k,x) x k k -» n G (X/ k,x) x k k. 

Proof. Let let Q N(X/k,x) be the full subcategory of triples whose groups are etale and 
Ic Q N(X/k,x) be the full subcategory whose groups are constant. Given (P,G,p) G let, 
let G' be the abstract group associated to G x k k then (P,G',p) is an object in Ic- In 
this way we get a functor I 6t — > I c . This defines a homomorphism ir G (X/k,x) x k k — > 
ir E (X/k,x) x k k which is easily seen as a section of ir§. □ 

5. The Study of the Infinitesimal Coverings 
5.1. The study over a perfect field. 

Proposition 5.1. Let k be a perfect field then the natural surjection 

7T N {k/k,x) — + 7f E {k/k,x) 

is an isomorphism. 

Proof. Suppose (P,G,p) G N(k/k,x). We have an isomorphism P x k G = P x k P. Let 
P re d be the reduced closed subscheme of P and G rc d be the reduced closed subscheme of 
G. Because k is perfect, 

-Pred x k C rc d CPx^G and P rc d X k P rc d C P x k P 

are the unique reduced closed subschemes of the underlying spaces. This induces a diagram 

Pred X k Cr re d ^ Pred X k Pred 

Px k G >Px k P 

in which the upper horizontal arrow is an isomorphism. But G red is etale since k is perfect. 
So in this way we get a functor 

N(k/k,x) — > N(k/k,x,I 6t ) 

(P,G,p) I— > (P rc d,C7 rcd ,p) 
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which induces a group homomorphism ir E (k/k,x) — > ir N (k/k,x). And this group homo- 
morphism is the inverse of the nature surjection n N (k/k,x) -» 7c E (k/k,x). This finishes 
the proof. □ 

Corollary 5.2. Assumptions and notations being as in \5.l\ we have 

n L (k/k,x) = {1}. 

Proof. Suppose (P,G,p) G N(k/k,x), where G is a connected group scheme. Then by the 
proof in 15.11 we know that (P re d, G re d,p) dominates (P,G,p). But since G is connected, 
(P re d, G re d,p) is just the trivial triple. This finishes the proof. □ 

Theorem 5.3. Let X be a scheme geometrically connected separable and of finite type over 
a perfect field k. Let x : Spec (k) —> X be a geometric point. Then the canonical map of 
affine k-group schemes 

7rJ : 7T L (X/k,x) ->■ 7T L (X/k,x) 

is an isomorphism. 

Proof. We have already known that the map is injective I4.4[ so we only have to show the 
surjectivity. Now suppose we have (P,G,p) G N(X/k,x) with G local and suppose that 
the corresponding map 

7T L {X/k, X ) ->• G 

is surjective. We take the image of the composition 

n L (X/k,x) -> n L (X/k,x) -)■ G, 

and denote it by H. By definition there is (Q,H,q) G N(X/k,x) with H local such that 
(Q,H,q) dominates (P,G,p). 

Since H C G is a infinitesimal closed imbedding, so by !5.5l we have (Q, H, q) G N(X/ k, x) 
which dominates (P,G,p). So the surjection 

7T L {X/k, X ) -» G 

factors through the imbedding H C G. Hence H = G. This means 7r^ is surjective too. 
This concludes the proof of the theorem. □ 

Corollary 5.4. Let X be a scheme geometrically connected separable and of finite type 
over a perfect field k. For any flat G-torsor P over X := X x& k with G a finite local 
k-group scheme, there exists a G-torsor P over X, unique up to isomorphism, such that 
P Xfc k is isomorphic to P as G-torsors. 

Proof. Choose x : Spec (k) X and a lifting p : Spec (k) ^ P of x. The triple (P, G,p) 
corresponds uniquely to a fc-group scheme homomorphism : 7i L (X/k, x) — > G. But by 15.31 
the canonical map ir L (X/k,x) — > n L (X/k,x) is an isomorphism 0, so it induces a unique 
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morphism (p which completes the following diagram: 

TT L (X/k,x) 




ir L (X/k,x) * 

The map (p corresponds uniquely to a triple (P,G,p) G N(X/k,x) whose pull back is 
(P, G,p). Since G is local (P, G) does not depend on the choice of x and p. This completes 
the proof. □ 

Lemma 5.5. Let X be a locally noetherian geometrically connected scheme separable over 
a perfect field k. Let P be a G-torsor over X in FPQC-topology, where G is a finite group 
scheme over k. Let H C G be a subgroup scheme whose defining ideal sheaf is nilpotent. 
Suppose there is an H-torsor Q over X := X x k k such that (Q,H) dominates (P,G), 
then there exists an H-torsor Q over X such that (Q,H) dominates (P,G). 

Proof. Since H C G is a infinitesimal closed imbedding, so is Q C P. Now by taking 
quotient by H on both sides we get 

X = Q/H P/H. 

So P/H has a section from X, and the imbedding X <^-> P/H is still an infinitesimal one. 
In other words X is the unique reduced closed subscheme of (P/H) Ted C P/H. Because k 
is perfect, we have 

(P/H) rcd = (P/H) vcd x k k^ (P/H) x k k = P/H. 

Since the structure morphism (P/H) red — > X is an isomorphism (P/H) red — > X is an 
isomorphism too. In this way we get a section s for P/H as an X-scheme. Now we can 
form the cartesian square: 

Q >X . 



P >P/H 

In this way Q naturally becomes an if-torsor which dominates P. □ 

Proposition 5.6. Let X be an abelian variety over a perfect field k. Let x : Spec (k) — > X 
be identity point. Then the natural sequence of k-group scheme homomorphisms 

1 7l N {X/k, X) TT N (X/k, X) TT N {k/k, X) 1 

is exact. 

Proof. By 14.41 H~51 13.61 and 15.11 we have the left injectivity and the right surjectivity, so 
the only thing left is the middle exactness. Suppose we have (P,G,p) G N(X/k,x) and 
suppose that the corresponding map 

7c N (X/k,x) -)• G 
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is surjective. Now we take the image of the composition 

Tr N (X/k,x) -> Tr N (X/k,x) -> G, 

and denote it by if. 

First we want to claim that H <^-> G is an open immersion. This is equivalent to saying 
that the imbedding of connected components i : H° <^-> G° is an isomorphism. 
From [Nori2j we know that there exists an isogeny 

->X[n] ^X AX -> 

which dominates (P, G,p) in the category N(X /k, x). Now we take iV C G to be the image 
of X[n] — > G. Then we get a triple (Q, N, q) which dominates (P, G,p) in N(X /k, x). Note 
that from our construction Q is an integral scheme and the set-theoric image of Q in P is 
a connected component which is denoted by P°. So Q ^ P° is the unique reduced closed 
subscheme P r ° d C P°. 

Since fc is perfect G = G° xi Get, and we have 

iV = N° X iVet C G° X Get = G. 

We claim that the action of G e t on G° stabilizes iV° C G°, so the subscheme 

N° x G 6 t C G° x G 6t 

is actually a subgroup scheme. This can be seen as follows: 

if {gi}i=i- r are representitives of the right coset N^ t \Get, then for any X-scheme T, any 
s ^ (Q9i)(T) and a G N°(T), sa is the map 

rMOftx^c p% x s g° pV 

But since the map sg^a: 

T ^% Qx- k N°CP x- k G°^P 

factors through the reduced closed subscheme Q = P® ed C P°, so the map 

(sgi\a):T^Qx k N 

also factors the reduced closed subscheme Q = (Q x k N°) red C Q x^ iV°. From the 
commutative diagram 

Qx k N° 



( s 9i V) 




giXid 



Q 9i x- k N» 

it is clear that (s, a) : T — >■ Qgi x k N° factors through the reduced closed subscheme 
Qg% = {Qgi x k N°) rc ^ Q Qgi x& N°. Hence we know that sa : T — > ^P factors through 
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Qdi Q P°9i, or in other words sa £ (Qgi)(T). Since Qgi is a torsor under g^ x Ngi, we have 
N° C g^Ngi, and hence 

This proves that the action of on G° stabilizes N° C G°. 
Now the subscheme 

II Qg = Pr Cd c P 

ffe{fli}i=l... r 

is a torsor under the subgroup 

N' :=N° x- k G 6t CG° x- k G 6t = G. 

And furthermore the subgroup N' is stabilized by the Gal(/c/fc)-action on G. In fact, 
since P re d C P is stabilized by the Gal(fc/fc)— action, so is P rec j P re d C P x^ P. Hence 
for any cr e Gal(fc/fc) there is a map r which completes the following diagram: 

Pcd X- k N'^^P red X~ k N' . 

P x- k G — ) Px- k G 
Let P2 be the projection P re d x^iV' -> iV 7 . Then we have a commutative diagram 

PredXkN' — »N' 

P2 

N'< ► G G 

This implies that N' is stabilized by the Galois action on G. 

Since P re d and N' are all stable under the action of Gal(fc/fc) they descent to a iV'— torsor 
P re d on X, where N' C G is a subgroup scheme and P re d C P is the reduced closed 
subscheme structrue of P. But by the assumption ii N (X/k, x) surjects to G so this implies 
N' = G. Hence N° = G°. Because N C G is the image of ir N (X/k,x) — > G, so from the 
sequence 

ir N (X/k,x) -> i^{X/k,x) x k k^ ir N (X/k,x) x k k^G 

we get N C- H C- G. Hence the imbedding i : H° ^ G° is an isomorphism. 
By I4.1[ Pet G^t is a normal group so is 

H = H°x k H 6t = G° x k H 6t C G° x fc G ct = G. 



Then the G/if -torsor P/P is an etale torsor. By applying I4.6I we know that P/H is from 
a G/P-torsor / on by base change. 
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Now suppose we have (V,P) G €(X/k,x). Let (P',H,p) C (P,G,p) be the inclusion 
induced by 

7T N (X/k, x) ► 7T N {X/k, x) 

> G 

Because H is the image of ir N (X/k,x) in G 

(V H , P') c (V, P) g €(X/k, x) 

is the maximal trivial subobject. It is clear that if we pull back (V H , Pj H) = (V H ,P) G 
€.{X/k,x) to k there is an isomorphism 

(V H ,P/H) = G €(X/k,x). 

But at the same time, (V , P/H) is the pull-back of (V , Z) G C(k/k,x). This checks the 
conditions (a) and (b) in [EPSJ [Appendix Theorem A.l (hi)], and (c) has been checked in 
I4.3[ so we get the exact sequence. □ 

5.2. The study over a non perfect field. Let X be a scheme proper separable and 
geometrically connected over an arbitrary field k of characteristic p > 0. Let x : Spec (k) — > 
X be a geometric point. Let Ilc Q N(X/k, x) be the full subcategory consisting of triples 
whose groups are local and commutative. Let ir LC (X/k,x) be the Tannakian group of the 
category <t(X/k, x, I LC ). 

Proposition 5.7. Under the above conditions we have an exact sequence of affine k-group 
schemes: 

1 -> 7i LC {X/k,x) ->■ n LC {X/k,x) ->■ 7c LC {k/k,x) ->■ 1. 

Proof. By 15.81 and 15.91 below we have the injectivity on the left and the surjectivity on the 
right. So we only need to prove the middle exactness. 

Now suppose we have (V, P) G C(X/k,x,lLc), where P stands for a triple (P,G,q) G 
N(X/k,x, Ilc)- Without loss of generality we may assume the goup homomorphism 
ir LC (X/k,x) — > G induced by the triple is surjective. Let (P',H,p) C (P,G,p) be the 
inclusion induced by 

n N (X/k, x) ► ir N (X/k, x) 

m > g 

Because H is the image of n N (X/k, x) in G 

(V H ,P') C (V,P) G €(X/k,x) 

is the maximal trivial subobject. It is clear that if we pull back (V H , Pj H) = (V H ,P) G 
€(X/k,x, Ilc) to k there is an isomorphism 

(V H ,P/H) (V H ,P) ^ (V ff ,P') G e(X/k,x,lLc). 
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But by [Nori2j [Lemma 2] (this is the only place where properness of X is used), (V H , P/H) 
is the pull-back of (V H ,l) £ C(k/k,x, Ilc)- This checks the conditions (a) and (b) in 
[EPSJ [Appendix Theorem A.l (hi)], and (c) has been checked in 15.81 so we get the exact 
sequence. 

□ 

Lemma 5.8. Let k p be the perfect closure of k, X p := X x k k p . The natural functor 

p* : €(X/k,x,I LC ) -> €(X p /k,x,I LC ) 

satisfies the following property: for any (V,P) £ <l(X p /k,x, I LC ) there exists an object 
(W,Q) £ €(X/k,x, Ilc) an d an injection 

(V,P)^p*(W,Q). 

So in particular, by [EPS\ [Appendix Theorem A.l (ii)J and \5.3[ the natural group horao- 
morphism 

n LC (X/k,x) ^n LC (X/k,x) 

is injective. 

Proof. Let k C k! be a finite field extension inside k C k p such that P — > X p is defined 
over X x k k' . Suppose k' = k(ai, a 2 , ■ ■ ■ , ct r ) where af £ k \ {0}. Let 

I := k[X u X 2 , ■ ■ ■ ,X r ]/(Xf - af,Xf - a?, ■ ■ ■ ,Xf - af). 

Then Spec (/) is a n[=i Aip"-torsor over k whose residue field is k'. So there is a cartesian 
diagram 

P > P > P k < ■ 

X x k k p > X x k I s- X x k k! 

Via replacing Gal(//fc) by n[=i ^p"^ k by k p , X by X x k k p , we can now repeat the argument 
in 14.31 to finish the proof. □ 

Lemma 5.9. For any X locally noetherian scheme geometrically connected separable over 
a field k, x : Spec (k) <^-> X a geometric point, the natural k-group scheme homomorphisms 

7T LC {X/k,x) ^7l L °{k/k,x) 

n L (X/k,x) ->• n L (k/k,x) 

are surjective. 

Proof. We just prove the surjectivity of the second homomorphism, the proof of the first 
is the same. Suppose that we have an object (l,G,t) £ N(k/k,x, II) and that we have a 
morphism 

(Q,H,s) -^(lx k X,G,t)e N(X/k,x,I L ), 



26 



LEI ZHANG 



where the group homomorphism H — > G is an imbedding of subgroup. Then we have a 
section in the category of X-schemes 

X = Q/H ^ {I x k X)/H = (l/H) x k X. 

Let k' be the residue field of the one point scheme l/H. Because X is reduced the map 
X >— > (l/H) x k X — ^» l/H factors through the point Spec (A;') — > l/H. Hence X is a 
scheme over k' . Since X is geometrically connected and geometrically reduced over k, the 
extension k C k' has to be trivial. Thus k = k! . In other words, l/H has a /c-section. 
Via pulling back the map I — >■ l/H along the section Spec (k) — > l/H we get a map 
(q,H,t) — > (l,G,t) G N(k/k,x, II) in which the group homomorphism is the prescribed 
imbedding H <^-> G. In particular if the map n L (k/k,x) — > G that corresponds to (l,G,t) 
is surjective, then the composition map 

n L (X/k,x) ->■ ir L (k/k,x) -» G 

has to be surjective too. This means precisely that n L (X/k,x) — >■ n L (k/k,x) is surjective. 

□ 
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